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THE DEVELOPMENT OF GEOMETRICAL METHODS. 

V. 

FROM this moment a brilliant period opens for geometrical 
research of every kind. Analysts interpret all their results, 
and set to work to translate them by constructions. Geometers 
endeavour to discover in every question some general prin- 
ciple-in most cases impossible to prove without the aid of 
Analysis-so as to deduce a host of particular consequences, 
closely connected with each other and with the principle 
from which they are derived. Jacobi's brilliant pupil, Otto 
Hesse, admirably develops the methods of homogeneous co- 
ordinates of which Plucker, perhaps, did not fully appreciate 
the value. Boole discovers in Bobillier's polars the first notion 
of a covariant; the theory of forms is created by the labours 
of Cayley, Sylvester, Hermite, and Brioschi. Aronhold, Clebsch, 
Gordan, and other geometers still with us, invent the definitive 
notation of the theory, establish the fundamental theorem relative 
to the limitation of the number of covariant forms, and thus 
succeed in giving to the theory its fullest extension and scope. 

The theory of surfaces of the second order, constructed mainly 
by the school of Monge, is enriched by a large number of elegant 
properties-mostly due to Hesse, who later finds in Paul Serret 
a worthy rival and an investigator who will continue his work. 

The properties of the polars of algebraical curves are developed 
by Plucker, and in particular, by Steiner. The study of curves 
of the third order, which have by this been the subject of 
research for a considerable time, is enriched and rejuvenated 
by a host of new ideas. In the first place, Steiner treats 
by pure geometry the double tangents of curves of the fourth 
order, and Hesse, following in his steps, applies algebraical 
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methods to this beautiful problem, as well as to the points of 
inflexion of curves of the third order. 

The idea of class, introduced by Gergonne, the study of a 
paradox partially elucidated by Poncelet, relating to the respec- 
tive degrees of two curves each the polar reciprocal of the 
other, are the immediate impulse to Pliicker's researches on 
the so-called ordinary singularities of algebraical plane 
curves. The celebrated formulae discovered by Pliicker are 
later extended by Cayley and by other geometers to algebraical 
gauche curves, and by Cayley again and by Salmon to alge- 
braical surfaces. Singularities of a higher order are in their 
turn attacked by geometers; Halphen shews that, contrary to 
an opinion which then widely obtained, each of these singu- 
larities may be considered as equivalent to a certain group of 
ordinary singularities, and his researches bring to a close for 
the time being this difficult and important question. 

Analysis and Geometry-Steiner, Cayley, Salmon, Cremona- 
meet in their investigations into surfaces of the third order; 
and as Steiner foresaw, this theory becomes as simple and as 
easy as that of surfaces of the second order. 

Ruled algebraical surfaces, so important in their applications, 
are studied by Chasles. by Cayley, the marks of whose influ- 
ence are seen in every form of mathematical investigation, by 
Cremona, Salmon, and La Gournerie; and later by Pliicker in 
a volume to which I shall presently recur. 

The study of the general surface of the fourth order still 
appears to be too difficult; but that of the particular surfaces 
of that order with multiple points or multiple lines is begun 
by Pliicker for wave surfaces, by Steiner, Kummer, Cayley, 
Moutard, Laguerre, Cremona, and many others. As for the 
theory of algebraical gauche curves, its elements are extended, 
and finally it receives through the investigations of Halphen 
and Noether the most notable advancement. Between their 
labours it is impossible on such an occasion as this to draw 
a distinction. A new theory with a great future before it is 
initiated by Chasles, Clebsch, and Cremona; it deals with 
all the algebraical curves which can be traced on a given 
surface. 

Homography and correlation, the two methods of transforma- 
tion which originated all the preceding investigations, receive 
in their turn an unexpected development; they are not the only 
methods which bring a single element into correspondence with a 
single element, as is shewn by a particular transformation briefly 
pointed out by Poncelet in his Traite des proprietes projectives. 
Pliicker invents transformation by reciprocal radii vectores or 
inversion, and it was not long before Sir William Thomson 
and Liouville shewed its importance both in Mathematical 
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Physics and in Geometry. Magnus, a contemporary of Mobius 
and Plicker, maintained that he had found the most general 
transformation which will bring a point into correspondence 
with a point. But Cremona's researches shew that Magnus 
transformation is only the first of a series of birational trans- 
formations which the great Italian geometer shews us how 
to obtain methodically, at any rate for the figures of Plane 
Geometry. Cremona's transformations will retain their interest 
for a long time to come, although later researches proved that 
they always reduce to a series of successive applications of the 
transformation we owe to Magnus. 

VI. 

All the investigations I have mentioned, and others to 
which I shall presently recur, originate and find their first 
impulse in the conceptions of modern geometry. But I 
must now point out another stimulus to great progress in 
geometrical research. Legendre's Theory of Elliptic Functions, 
which had been too much neglected by French geometers, was 
developed and extended by Abel and Jacobi. With these great 
geometers, almost immediately followed by Weierstrass and 
Riemann, the theory of Abelian functions, which Algebra 
will presently attack by its own unaided resources, will bring 
to the Geometry of curves and surfaces a contribution the 
importance of which will continue to increase. 

Jacobi had already used the analysis of elliptic functions to 

prove Poncelet's celebrated theorems on in- and circum-scribed 
polygons, thus opening a chapter which has been enriched by a 

large number of elegant results; by methods connected with 

geometry, he had also succeeded in integrating Abelian equations. 
But Clebsch was the first to shew in a long series of investiga- 

tions the whole importance of the notion of the deficiency of a 
curve, due to Abel and Riemann, by developing a vast number of 
results and elegant solutions, which the use of Abelian integrals 
appeared, so simple was it, to connect with their real point of 

departure. The study of the points of inflection of curves of the 
third order, that of double tangents of curves of the fourth order, 
and, in general, the theory of osculation on which the ancients 
and moderns had so often exercised their minds, were connected 
with the beautiful problem of the division of the elliptic and 
Abelian functions. 

In one of his memoirs, Clebsch had discussed rational curves, 
or curves of deficiency zero; this led him, towards the end of a 
life alas! too short, to consider what may be called rational 
surfaces, those which can be simply represented by a plane. 
Here was a vast field for research, already opened for the 
elementary cases by Chasles, in which Clebsch was followed by 
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Cremona and many other savants. In this connection Cre- 
mona, generalising his researches in plane geometry, brought to 
light not the whole of the birational transformations of space, 
but some of the most interesting of these transformations. The 
extension of the idea of deficiency to algebraical surfaces has 
already begun; already also work of great value has shewn 
that the theory of simple or multiple integrals of algebraical 
differentials will find, in the study of curves and surfaces 
alike, an extensive field of important applications; but it is 
not for me to dwell any further on this topic. 

VII. 
While the mixed methods of which we have just pointed out 

the principal applications were being created, pure geometers did 
not remain inactive. Poinsot, the creator of the theory of 
couples, developed by a purely geometrical method, described by 
him as "one in which the object of research is never for one 
moment out of sight," the theory of rotation of a solid body 
which the investigations of d'Alembert, Euler, and Lagrange 
seemed to have exhausted; Chasles made a valuable contribu- 
tion to kinematics by his beautiful theorems on the theory of 
the displacement of a solid body, which have since been extended 
by other elegant methods to the case in which the motion has 
various degrees of freedom. He published his beautiful 
theorems in the theory of attraction which are worthy to 
rank with those of Green and Gauss. Chasles and Steiner found 
themselves on common ground in the study of the attraction of 
ellipsoids, and thus shewed once more that geometry has its place 
marked out for it in the most important questions of the integral 
calculus. 

Steiner did not disdain to devote his attention at the same 
time to the elementary portion of geometry. His researches on 
the contacts of circles and conics, on isoperinietrical problems, on 
parallel surfaces, on the centre of gravity of curvature,* aroused 
the admiration of all by their simplicity and their depth. 

Chasles introduced his principle of correspondence between 
two variable objects, which has given birth to so many applica- 
tions; but here analysis assumed its rights, and studied the 
essentials of the principle, giving it precision, and generalising it. 
This was also the case with the famous theory of characteristics 
and the numerous researches of Jonquieres, Chasles, Cremona, and 
others, who were to lay the foundation of a new branch of 
geometry-Enumeirative Geometry. For several years the 
validity of Chasles' celebrated postulate was unchallenged; many 
geometers thought that it had been irrefutably established. But, 
as Zeuthen observed at the time, it is very difficult in proofs of 

* 
Krummungsschwerpunkt [Tr.]. 
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THE DEVELOPMENT OF GEOMETRICAL METHODS. 125 

this kind to recognise that there is always some weak point 
which the author may not have perceived; in fact, Halphen, after 
many fruitless attempts, definitively crowned all these researches 
by clearly indicating in what cases Chasles' postulate may be 
accepted, and when it may be rejected. 

VIII. 

These are the chief investigations which restored synthetic 
geometry to its place of honour, and assured to it in the 
course of the last century its due place in mathematical research. 
Many illustrious workers have taken part in this great 
geometrical movement, but it 'must be recognised that their 
leaders and guides were Chasles and Steiner. Such was the 
splendour of the light cast by their wonderful discoveries that, 
at any rate for the moment, they threw into the shade the 
publications of other modest geometers, who were perhaps less 
desirous of discovering brilliant applications likely to kindle a 
love for geometry, than of building the science itself upon an 
absolutely solid foundation. Perhaps the labours of the latter 
received a more tardy reward; but their influence increases 
daily, and no doubt will increase still more. There is no doubt 
that were I to pass them by in silence, I would be neglecting 
one of the principal factors which will play their part in future 
researches. It is especially to von Staudt that I am here alluding. 
His geometrical work has been expounded in two works of 
great interest: the Geometrie der Lage, which appeared in 1847, 
and the Beitrdge zur Geometrie der Lage, published in 1856, 
that is to say, four years after the Geometrie Superieure. 

Chasles, as we have seen, was attempting to build up a body 
of doctrine independent of the Cartesian analysis, and had not 
completely succeeded. I have already pointed out one of the 
reproaches that may be levelled at this system; imaginary 
elements are only defined in it by their symmetrical functions, 
which necessarily excludes them from a considerable number 
of investigations. On the other hand, the constant use of 
anharmonic ratio, transversals, and involution, requiring frequent 
analytical transformations, gives to his Geometrie Superieure 
an almost exclusively metrical character, which notably differ- 
entiates it from the methods of Poncelet. Returning to these 
methods, von Staudt endeavoured to construct a geometry free 
from all metrical relations, and exclusively based upon relations 
of situation. It is in this spirit that his first work, the Geometrie 
der Lage (1847) was conceived. The author takes as his point 
of departure the harmonic properties of the complete quadri- 
lateral and those of homologous triangles, proved solely by 
considerations of geometry of three dimensions, analogous to 
those of which the school of Monge has made so frequent a use. 
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In the first part of his work, von Staudt entirely omitted 
imaginary relations. It is only in his Beitrdge, his second work, 
that, by a very original extension of Chasles's method, he geo- 
metrically defined an isolated, imaginary element and dis- 
tinguished it from its conjugate. This extension, although 
rigorous, is laborious and very abstract. It may be in substance 
defined as follows: two conjugate imaginary points may always 
be considered as the double points of an involution on a real 
line; so that we pass from an imaginary to its conjugate by 
changing i into -i, and as we may distinguish the two imaginary 
points by making correspond to each of them one of the two 
different directions that may be attributed to the line. There 
is something rather artificial in this; the development of the 
theory erected on such foundations is necessarily complicated. 
By purely projective methods, von Staudt established a complete 
method for calculating the anharmonic ratios of the most 
general imaginary elements. As in the case of all geometry, 
projective geometry employs the notion of order, and order 
involves number. It is not therefore surprising that von Staudt 
was obliged to build up in detail his method of calculation, but 
the ingenuity which he displayed in arriving at his conclusions 
must be admired. In spite of the efforts of the distinguished 
geometers who have attempted to simplify its exposition, we 
fear that this part of von Staudt's geometry, like the otherwise 
so interesting geometry of that profound thinker Grassmann, 
will not prevail against the analytical methods which have 
now come into almost universal favour. Life is short; geometers 
know and also practise the principle of least action. In 
spite of these fears, which should discourage no one, it 
seems to me that, in the first form that was given to it by 
von Staudt, projective geometry must necessarily become the 
companion of descriptive geometry; that the one is called upon 
to revive the other in spirit, processes, and applications. This 
has already been felt in several countries, and notably in Italy, 
where the great geometer Cremona did not disdain to write for 
schools an elementary treatise on projective geometry. 

IX. 

In the preceding sections I have tried to follow and to exhibit 
clearly the remotest results of the methods of Monge and Poncelet. 
By inventing tangential and homogeneous coordinates, Pliicker 
had seemed to exhaust all that the method of projections and 
of polar reciprocals could supply to analysis. Towards the 
end of his life he returned to his early researches, and gave 
them an extension which was to widen in unexpected directions 
the domain of geometry. 
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Preceded by innumerable researches on systems of straight 
lines by Poinsot, Mobius, Chasles, Dupin, Malus, Hamilton, 
Kummer, Transon, and especially by Cayley, who was the first 
to introduce the notion of line coordinates,-researches which 
originated either in statics and kinematics, or in geometrical 
optics,-Pliucker's line geometry will always be regarded as the 
part of his work in which we meet with the newest and 
most interesting of his ideas. It is important that Pliicker 
should have been the first to build up a methodical treatment 
of the straight line as an element, but that is nothing compared 
to what he discovered. It is sometimes said that the principle 
of duality brings into evidence the fact that the plane 
as well as the point may be considered as an element of 
space. That is. true, but by adding to the plane and the point 
the straight line as a possible element of space, Pliicker was led 
to recognise that any curve or surface may also be considered as 
elements of space, and thus sprang into existence a new Geometry, 
which has already inspired a large number of treatises, and 
which will stimulate even more in the future. A beautiful 
discovery of which I shall speak further on has already 
connected the geometry of spheres and that of straight lines, 
and has suggested the introduction of the notion of the co- 
ordinates of a sphere. The theory of systems of circles has 
already commenced. No doubt it will be developed with the 
detailed investigation of the representation, which we owe to 
Laguerre, of an imaginary point in space by an orientated circle. 
But before describing the development of these new ideas which 
have given fresh life to the infinitesimal methods of Monge, I 
must retrace my steps for a moment, to touch on the history of 
the branches of geometry which I have so far neglected. 

X. 

Among the works due to the school of Monge, I limit myself 
here to the consideration of those which are connected with 
finite geometry; but some of his pupils devoted themselves in 
particular to the development of the new ideas of infinitesimal 
geometry, which were utilised by their master in the study of 
curves of double curvature, lines of curvature, and the gener- 
ation of surfaces-ideas which are partially expounded in the 
Application de l'Analyse a la Geom6trie. Among them we 
may mention Lancret, the author of beautiful researches on 
gauche curves, and especially Charles Dupin, the only one, 
perhaps, who followed all the paths which were opened up by 
Monge. 

Among other works, we owe to Dupin two volumes, the 
authorship of which Monge would not have been ashamed to 
acknowledge: the Developpements de Ggom6trie pure, which 
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appeared in 1853, and the Applications de Geometrie et de 
Mecanique which dated from 1822. In them we find the idea 
of the indicatrix which was, according to Euler and Meunier, to 
revolutionise the whole theory of curvature, the conceptions of 
conjugate tangents and of asymptotic lines which have taken so 
important a place in recent researches. We cannot forget the 
determination of the surface, the lines of curvature of which 
are circles; nor, in particular, the Memoir on triply orthogonal 
surfaces, in which is to be found, together with the discovery 
of the triple system formed of surfaces of the second degree, 
the celebrated theorem with which the name of Dupin will 
always be connected. 

Under the influence of these works, and of the revival of 
synthetic methods, the geometry of the infinitely small resumed 
in all researches the permanent position which Lagrange had 
hoped to mark out for it. It is a remarkable thing that the 
geometrical methods thus revived were to receive their liveliest 
impulse on the publication of a memoir which at first, at least, 
seemed to be connected with analysis pure and simple. I mean 
Gauss's celebrated volume Disquisitiones generales circa super- 
ficies curvas, which was published in 1827 at Gottingen, and the 
appearance of which may be said to mark an epoch in the 
history of infinitesimal geometry. 

From this moment the infinitesimal method received such an 
impulse in France as it had not yet experienced. Frenet, 
Bertrand, Molins, J. A. Serret, Bouquet, Puiseux, Ossian Bonnet, 
and Paul Serret developed the theory of gauche curves. 
Liouville, Chasles and Minding combined with them in methodi- 
call.y following up Gauss's memoir. Jacobi's integration of the 
differential equation of the geodesic lines of the ellipsoid 
inspired many investigations. At the same time the problems 
studied in Monge's Applications de l'Analyse were largely 
developed. The determination of all surfaces having their 
lines of curvature plane or spherical completed in the most 
happy manner some of the partial results already obtained by 
Monge. It was now that one whom Jacobi considered the most 
penetrating of geometers, Gabriel Lam6 (who like Charles 
Sturm had begun with pure geometry, and had already made 
the most interesting contributions to that science in a little 
work published in 1817, and in Memoirs which appeared in the 
Annales de Gergonne), utilised the results obtained by Dupin 
and Binet on the system of confocal surfaces of the second 
degree. He, conceiving the idea of curvilinear co-ordinates of 
space, created an entirely new theory which was destined to 
receive applications of the most varied kind in mathematical 
physics. 

(To be continued.) 
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